Introduction {#Sec1}
============

Conformal symmetry is a powerful tool to constrain the correlators in two-dimensional CFT. It implies that four-point functions of primary fields on the sphere are given by (possibly infinite) sums of conformal blocks,[1](#Fn1){ref-type="fn"} which are functions of the complex harmonic ratio: each block encodes the contributions of all the Virasoro descendants of a primary field. Given the central charge *c* and the conformal dimensions $\documentclass[12pt]{minimal}
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                \begin{document}$$h_i$$\end{document}$ and *h* of the external and internal primary fields, conformal symmetry determines in principle the full functional dependence of the blocks on the harmonic ratio *z*. The infinite dimensionality of the 2D conformal algebra, which makes this powerful statement possible, also makes the task of computing conformal blocks particularly difficult. Multiple efforts have been made devoted to this task since the seminal work of \[[@CR1]\], but the general form of the Virasoro blocks for generic values of *c* remains unknown. Various perturbative expansions of the blocks can be generated via recursion relations \[[@CR2]--[@CR4]\]. Combinatorial formulae for the coefficients in the *z*-expansion of the blocks have been found in \[[@CR5]\], based on the AGT correspondence \[[@CR6]\] between 4d supersymmetric gauge theories and 2d CFT.

When the CFT admits a holographic dual, it is interesting to study the conformal blocks in the limit of large central charge. It is well known that in the $\documentclass[12pt]{minimal}
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                \begin{document}$$c\rightarrow \infty $$\end{document}$ limit with fixed $\documentclass[12pt]{minimal}
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                \begin{document}$$h_i$$\end{document}$ and *h*---a limit that we will call the LLLL limit---the conformal blocks reduce to the global ones, associated with the projective subgroup of the local conformal group. This result can be extended in various directions: one can consider the so called HHLL limit, in which one keeps fixed the dimensions of the internal and of two (light) external operators and sends to infinity the dimensions $\documentclass[12pt]{minimal}
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                \begin{document}$$h_L$$\end{document}$ of the two remaining (heavy) external operators, keeping the ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$h_H/c$$\end{document}$ fixed when $\documentclass[12pt]{minimal}
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                \begin{document}$$c\rightarrow \infty $$\end{document}$. The leading contribution to the blocks in this regime has been derived in \[[@CR7], [@CR8]\], and the subleading corrections have been studied in \[[@CR9]--[@CR12]\]. One could also consider a classical limit in which all the dimensions $\documentclass[12pt]{minimal}
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                \begin{document}$$h_i$$\end{document}$ and *h* are rescaled together with *c* \[[@CR13]--[@CR15]\]. Conformal blocks have also been analysed from a bulk perspective exploiting their connection with geodesic Witten diagrams and Wilson lines \[[@CR16]--[@CR26]\].

In this technical note we focus on the LLLL regime and derive exact expressions for the correction to the Virasoro blocks at order 1 / *c*. Our main motivation comes from holography, since this correction contributes to the connected part of correlators in the supergravity approximation. In Sect. [2](#Sec2){ref-type="sec"} we compute the blocks by a direct method, summing over the Virasoro descendants that contribute at the desired order in the $\documentclass[12pt]{minimal}
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                \begin{document}$$c\rightarrow \infty $$\end{document}$ limit. This produces the result ([2.21](#Equ21){ref-type=""}) given as a series expansion in the "direct channel" $\documentclass[12pt]{minimal}
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                \begin{document}$$z\rightarrow 0$$\end{document}$. In Sect. [3](#Sec3){ref-type="sec"} we also make various attempts at summing the *z*-series to have access to the behaviour of the blocks also away from $\documentclass[12pt]{minimal}
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                \begin{document}$$z=0$$\end{document}$. We first decompose the blocks into three contributions---denoted as $\documentclass[12pt]{minimal}
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                \begin{document}$$f_c$$\end{document}$ in ([3.1](#Equ22){ref-type=""})---according to their dependence on the external dimensions $\documentclass[12pt]{minimal}
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                \begin{document}$$h_i$$\end{document}$. Two first two terms, $\documentclass[12pt]{minimal}
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                \begin{document}$$f_b$$\end{document}$, were computed with the Wilson-line approach in \[[@CR24]\], and we verify the agreement with our results. An explicit expressions for the last term was recently derived in \[[@CR26]\] by analytically continuing to a generic dimension *h* the result for the $\documentclass[12pt]{minimal}
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                \begin{document}$$W_2$$\end{document}$ minimal model obtained via the Wilson-line approach developed in \[[@CR25]\]. Here we provide two alternative exact expressions for $\documentclass[12pt]{minimal}
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                \begin{document}$$f_c$$\end{document}$. Equation ([3.13](#Equ40){ref-type=""}) applies to generic real values of the internal dimension *h*, but involves derivatives of generalised hypergeometric functions with respect to one of their parameters. We also check that this result agrees with that of \[[@CR26]\], thus providing a further non-trivial confirmation of the Wilson-line approach at the quantum level. Then we find that for integer values of *h* the block can be written as a finite sum of undifferentiated hypergeometric functions (see ([3.16](#Equ43){ref-type=""})). We also make some comments on the somewhat surprising singularity structure of the result: we find that the 1 / *c* correction to the block has a leading singularity around $\documentclass[12pt]{minimal}
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                \begin{document}$$\log ^2(1-z)$$\end{document}$, as opposed to the $\documentclass[12pt]{minimal}
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                \begin{document}$$\log (1-z)$$\end{document}$-singularity of the $\documentclass[12pt]{minimal}
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                \begin{document}$$c^0$$\end{document}$ contribution. Since terms proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$\log ^2(1-z)$$\end{document}$ cannot arise in the expansion of the correlator in the crossed ($\documentclass[12pt]{minimal}
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                \begin{document}$$z\rightarrow 1$$\end{document}$) channel, we speculate that these singularities have to cancel when an infinite series of conformal blocks is summed to produce a physical correlator.

Perturbative Virasoro blocks at large *c* {#Sec2}
=========================================

Let us consider a 2D CFT and focus on the correlator$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \langle O_1(z_1) O_1(z_2) O_2(z_3) O_2(z_4)\rangle = \frac{1}{z_{12}^{2h_1}\bar{z}_{12}^{2\bar{h}_1}} \frac{1}{z_{34}^{2h_2}\bar{z}_{34}^{2\bar{h}_2}}\; {{\mathcal {G}}}(z,\bar{z})\;, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$z_{ij}=z_i-z_j$$\end{document}$, and *z* is the following projective invariant cross ratio:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} z = \frac{z_{12} z_{34}}{ z_{13} z_{24}}\;. \end{aligned}$$\end{document}$$We can use projective invariance to send $\documentclass[12pt]{minimal}
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                \begin{document}$$z_4\rightarrow 0$$\end{document}$, so the cross ratio is identified with $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {P}}_{h,\bar{h}}$$\end{document}$ the projector on the subspace spanned by the Virasoro descendants of the primary state $\documentclass[12pt]{minimal}
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                \begin{document}$$|h,\bar{h}\rangle $$\end{document}$. By inserting this projector in the correlator above, we isolate the contribution of a specific Virasoro block to the full correlator,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\langle O_1(\infty ) O_1(1) {\mathcal {P}}_{h,\bar{h}} O_2(z) O_2(0)\rangle \nonumber \\&\quad = C_{11h} C_{h22}\, z^{h-2 h_2} {\mathcal {V}}_h(z) \bar{z}^{\bar{h}- 2\bar{h}_2}\,\tilde{\mathcal {V}}_{\bar{h}}(\bar{z})\;, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$C_{iih}$$\end{document}$ are the 3-point couplings between the exchanged operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\bar{z}^{\bar{h}}$$\end{document}$ are just a convention so as to normalise to 1 the Virasoro blocks $\documentclass[12pt]{minimal}
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                \begin{document}$$z,\bar{z} \rightarrow 0$$\end{document}$ limit.

The most naive approach to the derivation of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {V}}_h(z)$$\end{document}$ is to try and construct the projector $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {P}}_{h,\bar{h}}$$\end{document}$ by using an orthonormal basis spanning the space of descendants of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} L_{-n}^{q_n}\ldots L_{-1}^{q_1}| h \rangle \;, \end{aligned}$$\end{document}$$where for notational simplicity we focussed on the holomorphic sector. It is well known that this is a difficult task in general, but it is doable in perturbation theory in the large central charge limit. The reason is that the norm of the states in ([2.4](#Equ4){ref-type=""}) is proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$c\rightarrow \infty $$\end{document}$ limit, it is sufficient to focus on the descendants obtained by acting with $\documentclass[12pt]{minimal}
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                \begin{document}$$L_{-1}$$\end{document}$, which implies that at leading order in *c* the Virasoro blocks reduce to the global conformal blocks. Here we are interested in the first subleading correction, so we need to consider the space spanned by descendants that have at most one $\documentclass[12pt]{minimal}
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                \begin{document}$$|s\rangle _q$$\end{document}$ comes from its first term in ([2.6](#Equ6){ref-type=""})$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} {}_q \langle 1 |1 \rangle _q&= q! (2h)_q \;, \\ {}_q \langle s |s \rangle _q&= \langle h | L_1^{q-s} [L_s,L_{-s}] L_{-1}^{q-s}| h \rangle + O(c^0)\\&= \frac{c}{12} s \left( s^2-1 \right) \langle h | L_1^{q-s} L_{-1}^{q-s}| h \rangle + O \left( c^0 \right) \\&= \frac{c}{12} s \left( s^2-1 \right) (q-s)! (2h)_{q-s} + O \left( c^0 \right) \;, \quad s>1\;, \end{aligned} \end{aligned}$$\end{document}$$where we denote by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(h)_q$$\end{document}$ the rising Pochhammer symbol,$$\documentclass[12pt]{minimal}
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Exact Virasoro blocks at large *c* {#Sec3}
==================================

The result ([2.21](#Equ21){ref-type=""}) allows one to easily derive the behaviour of the conformal block around $\documentclass[12pt]{minimal}
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Appendix A: Relation with the Wilson-line approach {#Sec4}
==================================================

In \[[@CR24]\] the authors used the Wilson-line approach \[[@CR23]\] to provide a compact integral expression for the large *c* Virasoro block; see Eqs. (3.19) and (3.20) of the paper mentioned above.[4](#Fn4){ref-type="fn"} It is straightforward to show that from this formulation one can find the same type of series that we encountered in the main text and that can be summed by using ([3.9](#Equ36){ref-type=""}).
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We use the terms conformal and Virasoro block as synonymous.

Note that our definition ([2.3](#Equ3){ref-type=""}) of the conformal blocks $\documentclass[12pt]{minimal}
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The interested reader might find a Mathematica notebook useful to verify these identities at the following link: <https://arxiv.org/abs/1807.07886>.

Equation (3.20) of \[[@CR24]\] should have an extra factor of $\documentclass[12pt]{minimal}
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